We consider polyhedral cones, associated with quasi-semi-metrics (oriented distances), in particular, with oriented multi-cuts, on n points. We computed the number of facets and of extreme rays, their adjacencies, and incidences of the cones QM ET n and OM CU T n for n = 3, 4, 5 (see Table 1 ) and, partially, for n = 6. Some results for general n are also given.
Introduction and basic notions
The notions of directed distances, quasi-metrics and oriented multi-cuts are generalizations of the notions of distances, metrics and cuts. The notions of distances and metrics are central objects in Graph Theory and Combinatorial Optimization. Quasi-metrics are used in the Semantics of Computation (see, for example, [Se97] ) and in Computational Geometry (see, for example, [ACLM98] ). Oriented distances have been used already in [Ha14] , pages 145-146.
The knowledge of extreme rays of QMET n (cone of all quasi-semi-metrics on n points) for small n will allow to build a theory of multi-commodity flows on oriented graphs, as well as it was done for non-oriented graphs using dual MET n (cone of all semi-metrics on n points). For general theory of quasi-metrics see, for example, [Fr06] , [Ha14] , [Wi31] , and [?] ; for general theory of metrics see [Bl53] , [DeLa97] .
Set V n = {1, . . . , n}. Define a quasi-semi-metric on V n as a function d : V
The convex cone QMET n is defined by n(n − 1)(n − 2) oriented triangle inequalities OT ij,k and n(n − 1) non-negativity inequalities NN ij on n points; it is a full-dimensional cone in R n(n−1) . Note, that in the semi-metric case, the triangle inequalities imply non-negativity of the distance; it is not the case in our oriented case.
Through all paper we will represent vectors in R n(n−1) as square matrices of order n with zeroes on the main diagonal. It is easy to see that MET n = {a + a T , with a ∈ QMET n } where a T denotes the transpose matrix. Moreover, any extreme ray e of MET n has a form e = g + g T , where g is an extreme ray of QMET n (in fact, e is a sum of extreme rays of QMET n with non-negative coefficients, and e = (e + e T )/2).
Consider now the notions of oriented cut and oriented multi-cut quasi-semi-metrics. Given an ordered partition (S 1 , . . . , S q ) (q ≥ 2) of V n , the quasi-semi-metric δ ′ (S 1 , . . . , S q ) is called an oriented multi-cut, if δ ′ (S 1 , . . . , S q ) ij = 1 for i ∈ S α , j ∈ S β , α < β and δ ′ (S 1 , . . . , S q ) ij = 0, otherwise. This notion was considered, for example, in [ShLi95] . Given a subset S of V n , the quasi-semi-metric δ ′ (S) is called oriented cut, if δ ′ (S) ij = 1 for i ∈ S, j ∈ S and δ ′ (S) ij = 0, otherwise. Clearly, an oriented cut is the case q = 2 of an oriented multi-cut. The fulldimensional cone in R n(n−1) , generated by all non-zero oriented multi-cuts on V n , is denoted by OMCUT n .
Given a partition (S 1 , . . . , S q ) of V n , the semi-metric δ(S 1 , . . . , S q ) is called a multi-cut, if δ(S 1 , . . . , S q ) ij = 1 for i ∈ S α , j ∈ S β , α = β and δ(S 1 , . . . , S q ) ij = 0, otherwise. Given a subset S of V n , the semi-metric δ(S) is called a cut, if δ(S) ij = 1 if |S ∩ {i, j}| = 1 and δ(S) ij = 1 = 0, otherwise. Clearly, cuts are multi-cuts with q = 2. The n(n − 1)/2-dimensional cone in R n(n−1) , generated by all non-zero cuts on V n , is denoted by CUT n .
Note, that in the semi-metric case, the multi-cuts with q > 2 are not extreme rays (they are interior points) of CUT n ; it relies on the formula:
On the other hand, δ(S 1 , . . . , S q ) = δ ′ (S 1 , . . . , S q ) + δ ′ (S q , . . . , S 1 ) and so,
CUT n = {a + a T , with a ∈ OMCUT n } .
The number of all oriented cuts on n points is 2 n and the number p ′ (n) of all oriented multi-cuts on V n is the number of all ordered partitions of n. In fact, p ′ (n) = 1 2 π∈Sym(n) x 1+d(π) with d(π) := |{i ≤ n|a i > a i+1 }| for the permutation π = (a 1 , . . . , a n ) ∈ Sym(n). So, p ′ (3) = 13, p ′ (4) = 75, p ′ (5) = 541, p ′ (6) = 4683, p ′ (7) = 47293, p ′ (8) = 545835. The number of extreme rays of OMCUT n is p ′ (n) − 1, since we excluded 0; the number of orbits of those rays is 2, 5, 9, 19, 35, 71 for n = 3, 4, 5, 6, 7, 8.
Let C be a cone in R n . Given v ∈ R n , the inequality Two extreme rays of C are said to be adjacent on C, if they span a two-dimensional face of C. Two facets of C are said to be adjacent, if their intersection has dimension dim(C) − 2 (or codimension 2).
The incidence number of a facet (or of an extreme ray) is the number of extreme rays lying on this facet (or, respectively, of facets containing this extreme ray).
The skeleton graph of the cone C is the graph G C whose node-set is the set of extreme rays of C and with an edge between two nodes if they are adjacent on C. The ridge graph of C is the graph G * C whose node-set is the set of facets of C and with an edge between two nodes if they are adjacent on C. So, the ridge graph of a cone is the skeleton of its dual.
The cones QMET n and OMCUT n have the group Sym(n) of all permutations as a symmetry group. But another symmetry, called reversal, exists: associate to each ray d the ray d r defined by d r ij = d ji , i.e., in matrix terms, the reversal corresponds to the transposition of matrices. This yields that the group Z 2 × Sym(n) is a symmetry group of the cones QMET n and OMCUT n . We conjecture that this group is the full symmetry group of those cones; it has been checked by computer for n = 3, 4, 5. All orbits of faces considered below, are under action of this group.
The representation matrix of skeleton (or ridge) graph is the square matrix where on the place i, j we put the number of members of orbit O j of extreme rays (or facets, respectively), which are adjacent to a fixed representative of orbit O i
Comparing with the cones of semi-metrics, the amount of computation and memory is much bigger in the oriented case, because the dimension of the cones OMCUT n and QMET n is twice those of CUT n and MET n , and because oriented multi-cuts with q > 2 are not interior points of the cone, denoted by OCUT n , generated by oriented cuts. So-called combinatorial explosion starts from n = 5 (see Table 1 ) while for corresponding semi-metric cones it starts from n = 7. All computations were done using the programs cdd (see [Fu95] ) and an adaptation, by the second author, of adjacency decomposition method from [ChRe96] .
We consider the cones OMCUT n and QMET n for n = 3, 4, 5; we give the number of facets and of extreme rays for them, their orbits and Tables of their adjacencies and incidences. We study (having the semi-metric case in mind, see [DeDe94] , [DeDe95] , [DDFu96] , and [DeLa97] ) the skeleton graphs and the ridge graphs of these cones, i.e. their diameters, adjacency conditions.
In Table 1 there is a synthetic summary of the most important information concerning the considered cones; the diameters there are those of the skeleton and ridge graph, respectively.
In Appendix 1 we represent all 229 orbits of extreme rays for QMET 5 with adjacency, incidence of their representatives and their size. In Appendix 2 we give the same information for facets of OMCUT 5 . For representation matrices detailing orbit-wise adjacencies and additional information on those cones see http://www.geomappl.ens.fr/~dutour/.
This paper is a follow-up to [DePa00] , which initiates this subject.
General results about QM ET n
We got by computations the following new facts about small cones MET n : (i) the full symmetry group of MET n is Sym(n) for n = 3, 5, ..., 14, and for n = 4 it is Sym(4) × Sym(3),
(ii) the diameter of G M ET 7 is three, (iii) [DFPS] [Gr92] and [DeLa97] .
Let us define oriented l p -norm be: ′ ∈ OCUT n (the cone generated by all oriented cuts on V n ).
The proof is the same as in proposition 4.2.2 of [DeLa97] for non-oriented case.
Theorem 2 Every extreme ray of QMET n has at least n − 1 coordinates equal to zero. This lower bound is met for n = 4, 5, 6.
Proof. The rank of the system (
2 (see [DePa00] ). Let d be an extreme ray of QMET n and let NN = (NN α ) α∈A be the set of all non-negativity facets, to which d is incident and OT = (OT β ) β∈B be the set of all oriented triangle facets, to which it is incident. So, the rank of NN ∪ OT is n(n − 1) − 1.
If rank (OT ) = (n − 1) 2 , then the vector d is incident to all oriented triangle inequalities so, d ij + d ji = 0, and since d belongs to QMET n , the equalities d ij = d ji = 0 hold. So, we have rank (OT ) ≤ (n − 1) 2 − 1 and
Above theorem imply that any extreme ray of QMET n is not the directed path distance of a directed graph (see, for example [CJTW93] , for those notions). 
Since d is a quasi-semi-metric we have d ij ≤ d il +d lj and d lj ≤ d lk +d kj . These inequalities must be equalities in order to meet above equality. So, the vector d belongs to a space of dimension n(n − 1) − 4 and the facets are not adjacent.
(ii) is obvious, since a vector d incident to NN ij and NN ki , is also incident to NN kj and give a lower than expected rank. Similarly, if d satisfy d ij = 0 and d ji = 0 then we have the equality d ik = d jk for all k and we will again a too low rank again.
Conjecture 1 (i) A triangle facet is adjacent to a facet if they are non-conflicting;
(ii) the non-negativity facets NN ij and
We checked by computer (i)-(iv) for n ≤ 7. Easy to see that (iii) is implied by the criterion of adjacency given by (i) and (ii) together with Theorem 3. Also we checked that for n ≤ 7 there are no symmetric extreme rays of QMET n . Apropos, any two facets of QMET 5 will be not adjacent if, instead of all oriented multi-cuts, we restrict ourself only to oriented cuts.
Note, that the set E n = {e + e T |e is an extreme ray of QMET n } consists, for n = 3, 4, 5 of 1, 7, 79 orbits (amongst of 2, 10, 229), including 0, 3, 10 orbits of path-metrics of graphs. More exactly, a path-metric d(G) belongs to E 4 for the graphs
, and the remaining seven graphs belong to CUT 5 . In fact, those seven path metrics d(G) are all of form e + e T , were e is an extreme ray of QHY P 5 (see definition of the cone QHY P 5 in the end of section five).
3 General results about OM CU T n Conjecture 2 (i) All oriented multi-cuts are extreme rays of QMET n ;
(ii) the oriented cuts form a dominating clique (i.e. a complete subgraph such that any node is adjacent to one of its elements) in G OM CU Tn ; so, the diameter of G OM CU Tn is 2 or 3 for any n ≥ 4.
We checked it by computer for n ≤ 7, using only non-negativity facets and oriented triangle facets. The adjacency between oriented cuts and any other oriented multi-cut are preserved even if we consider only oriented triangle and non-ngativity facets, but already for n = 4 (when OMCUT n has other facets) the adjacency is dimished for any oriented multi-cut orbit different from oriented cut.
We have the inclusion OMCUT n ⊆ QMET n with equality if and only if n = 3. Let us consider the following inequalities
• the inequality A n (c 1 , . . . , c n−2 ; a,
..c n−2 , where S c 1 ,...c n−2 denotes the sum of distances along oriented cycle c 1 , . . . , c n−2 ;
• the inequality B n (c 1 , . . . , c n−2 ; a,
. Call a face of OMCUT n symmetric if, in matrix terms, it is preserved by the transposition.
Theorem 4 The following inequalities are valid on (i.e. faces of ) OMCUT n : (i) zero-extensions of valid faces of OMCUT n−1 ; (ii) symmetric faces coming from CUT n (so, including any inequality H(b)) (iii)
A n (c 1 , . . . , c n ; a, b) and B n (c 1 , . . . , c n ; a, b).
Proof (ii) Since we have CUT n = {d + d r s.t. d ∈ OMCUT n }, the validity of symmetric faces coming from CUT n is obvious.
(iii) Consider the inequality A n on an o-multi-cut δ ′ (S 1 , . . . , S t ). In this case S c 1 ...c n−2 ≤ n−3 and S c 1 ...c n−2 = n − 3 if and only if c 1 ∈ S α 1 , . . . , c n−2 ∈ S α n−2 , where 1 ≤ α 1 < · · · < α n−2 ≤ n − 2.
Let b ∈ S α , a ∈ S β , where α < β. Then S ab = d ba = 1 and
Consider the inequality B n on an o-multi-cut δ ′ (S 1 , . . . , S t ). In this case S c 1 ...c n−2 ≤ n − 3 and S c 1 ...c n−2 ≤ n − 3 if and only if c 1 ∈ S α 1 , . . . , c n−2 ∈ S α n−2 , where 1 ≤ α 1 < · · · < α n−2 ≤ t.
Let b ∈ S α , a ∈ S β , where α < β. Then d ab = 0 and d ab + S c 1 ...c n−2 ≤ n − 3. But in this case
, and B n holds. Let a ∈ S α , b ∈ S β , where α < β. Then d ab = 1 and d ab + S c 1 ...c n−2 ≤ n − 2. In this case
..c n−2 and B n holds.
Conjecture 3 The following inequalities correspond to facets of OMCUT n :
(i) zero-extensions of any facet of OMCUT n−1 (so, including any oriented triangle and non-negativity inequalities);
(ii) any hypermetric inequality H(b), except of non-oriented triangle inequalities; (iii) A n (c 1 , . . . , c n−2 ; a, b) and B n (c 1 , . . . , c n−2 ; a, b). We checked this conjecture by computer for n ≤ 7. Any oriented triangle inequality is a zero extension of A 3 while any non-negativity inequality is a zero-extension of a degenerated B 3 with b = c 1 .
The first symmetric facet, H(1, 1, 1, −1, −1), is the only symmetric facet of OMCUT 5 .
Theorem 5 (i) Any symmetric facet of the cone OMCUT n correspond to a facet of the cone CUT n .
(ii) All orbits of symmetric facets of OMCUT n , n ≤ 6 are represented by H(b) with b = (1, 1, 1, −1, −1), (1, 1, 1, −1, −1, 0), (2, 1, 1, −1, −1, −1), and (1, 1, 1, 1, −1, −2).
(iii) Proof: (ii) and (iii) were obtained by computer using (i). In order to prove (i), let us fix a symmetric facet F of OMCUT n . We set
is a set of semi-metrics, which are incident to F . Moreover, since CUT n = SU(OMCUT n ), we have SU(U F ) ⊂ OMCUT n By hypothesis F is a facet, so U F has dimension n(n − 1) − 1. The
r decrease dimension by at most n(n − 1)/2; so, we get that SU(U F ) has dimension n(n − 1)/2 − 1, i.e. F is a facet of CUT n .
Given two oriented partitions, A and B, we will write A < B, if A is a proper refinement of B. We will write Q<B if, moreover, each part of A is a proper subset of a part of B. 
Conjecture 4 (i) An oriented multi-cut
δ ′ (A) is not adjacent to all oriented multi-cuts δ ′ (B) such that B < A T . (ii) The orbit of extreme rays represented by oriented cut δ ′ ({1}, {2, . . . ,
n}) is unique orbit, such that extreme rays in this orbit is not adjacent only to oriented multi-cuts described in (i) above; the total adjacency is
p ′ (n) − p ′ (n − 1) − 1
The cases of 3, points
We start with complete description of the cone QMET 3 = OMCUT 3 .
There are 12 extreme rays in OMCUT 3 : 12 non-zero oriented multi-cuts on V 3 , including 6 oriented cuts. Under the group action we have, in fact, only 2 orbits to consider: the orbit O 1 of oriented cuts and the orbit O 2 of other oriented multi-cuts. The list of representatives of the orbits is given in the Table 2 .
Note that all oriented cuts above can be obtained from δ ′ ({1}) by a permutation (δ ′ ({2}) and δ ′ ({3})) or by a reversal and a permutation (δ ′ ({1, 2}), δ ′ ({1, 3}), and δ ′ ({2, 3})); all oriented multi-cuts with q = 3 above can be obtained from δ ′ ({1}, {2}, {3}) by some permutation. The only facet-defining inequalities of OMCUT 3 are 6 oriented triangle inequalities OT ij,k and 6 non-negativity inequalities NN ij which form two orbits; see their representatives in Table  2 .
Adjacencies of facets and extreme rays of OMCUT 3 are shown in Table 3 . For each orbit a representative and a number of adjacent ones from other orbits are given, as well as the total number of adjacent ones, the number of incident extreme rays (respectively, facets) and the size of orbits.
For the next case n = 4 we have 1. OMCUT 4 has 74 extreme rays (all non-zero oriented multi-cuts on V 4 ). Under the group action we have, in fact, only 5 orbits to consider. They are orbits with the representatives
We show these representatives in the Table 4. 2. OMCUT 4 has 72 facets from 4 orbits, which are induced by 24 oriented triangle inequalities OT ij,k , 12 non-negativity inequalities NN ij , 12 inequalities A 4 (i 1 , i 2 ; j 1 , j 2 ), and 24 inequalities B 4 (i 1 , i 2 ; j 1 , j 2 ). See Table 4 for representatives of the orbits and Table 5 for the representation matrix.
3. The cone QMET 4 has 36 facets, distributed in two orbits: 24 oriented triangle facets (orbit OT ) and 12 non-negativity facets (orbit NN).
4. There are 164 extreme rays in QMET 4 . Under the group action we have 10 orbits to consider: orbits O 1 -O 5 with the same representatives as in OMCUT 4 and 5 other orbits. The list of representatives of the orbits is given in the Table 7 .
Denote by e(i, j) the {0, 1}-vector in R 12 with 1 only on the place ij. In Table 7 there is the list of 10 orbits of extreme rays and 2 orbits of facets of QMET 4 . The adjacencies and incidences of the facets and extreme rays of QMET 4 are given in Tables  8 -9 .
Note, that in QMET 4 the adjacencies of facets OT ij,k and NN ij are the same as in OMCUT 4 (see Tables 5 and 8) 
is an induced subgraph of G * OM CU T 4
. But the adjacencies of oriented multi-cuts from orbits O 3 , O 4 and O 5 are decreased in the cone QMET 4 (see Tables  6 and 9) ; hence, G OM CU T 4 is not an induced subgraph of G QM ET 4 .
The case of points
We present here the complete description of QMET 5 and of OMCUT 5 .
The quasi-semi-metric cone QMET 5 has 80 facets, distributed in two orbits: 60 triangle facets (orbit F 1 ) and 20 non-negativity facets (orbit F 2 ). The list of representatives of the orbits is given in the Table 10 .
There are 43590 extreme rays in QMET 5 . Under the group action we have 229 orbits to consider (see Appendix 1 for the full list of representatives); amongst them, nine orbits of oriented multi-cuts on V 5 are given in the Table 11 .
Note, that, for example, the representative of orbit O 18 is similar to the representative δ ′ ({1}, {2}, {3}, {4})+e(1, 4) of the orbit O 6 in the cone QMET 4 : it is δ ′ ({1}, {2}, {3}, {4}, {5})+ e(1, 5) , and the representative of orbit O 11 is similar to the representative δ ′ ({1}, {2}, {3}, {4})+ e(4, 3) of the orbit O 7 in the cone QMET 4 : it is δ ′ ({1}, {2}, {3}, {4}, {5}) + e(5, 4). Some other representatives from non-oriented multi-cut's orbits of the cone QMET 5 have similar form. So, if v i is the representative of orbit O i , then v 11 = δ ′ ({1}, {2}, {3}, {4}, {5}) + e(5, 4). The cone OMCUT 5 has 540 extreme rays (all non-zero oriented multi-cuts on V 5 ), which form 9 orbits. See Table 11 for representatives of the orbits and Table 12 for the representation matrix.
There are 35320 facets in OMCUT 5 , which form 194 orbits. The list of the representatives of these orbits is given in Appendix 2.
Besides A i , B i , and their zero-extensions, the simplest, i.e. with ≤ 8 non-zeros facets of OMCUT 5 are
Denote by QHY P n the cone of all quasi-semi-metrics satisfying to all hypermetric inequalities H(b). In fact, QHY P n is polyhedral (see [DGL93] ) and the triangle inequality is redundant. The smallest case when QHY P n is a proper sub-cone of QMET n is n = 5; see some information on QHY P 5 in Table 1 See below the full list of the representatives of orbits presented as 5 × 5 matrices. The numbers in parenthesis are, respectively, the orbit number, the adjacency of a member of the orbit, the incidence of a member of the orbit, and orbit-size. Note that adjacency is greater or equal to incidence number with equality only for the last 23 orbits. Using a modification by the second author of adjacency decomposition method from [ChRe96] , all facets of OMCUT 5 were found: 194 orbits consisting all together 35320 facets. See below the full list of the representatives of orbits presented as 5×5 matrix. The numbers in parenthesis are, respectively, the orbit number, the adjacency of a member of the orbit, the incidence of a member of the orbit, and orbit-size. 
